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The progresses in the experimental sector have been the harbinger of the observations of many
new hadrons. Very recently, LHCb Collaboration announced the observation of two new Σb(6097)
±
states in the Λ0bpi
± invariant mass distribution, which are considered as the excited states of the
ground state Σ
(∗)
b baryon. Though, almost all of the ground state baryons have been observed,
having a limited number of excited states observed so far makes them intriguing. Understanding
the properties of the excited baryons improve our knowledge on the strong interaction as well as the
nature and internal structures of these baryons. To specify the quantum numbers of the Σb(6097)
±
an analysis on their strong decays to Λ0b and pi
± is performed within the light cone QCD sum rule
formalism. To this end, they are considered as possible 1P or 2S excitation of either the ground
state Σb baryon with J =
1
2
or Σ∗b baryon with J =
3
2
. The corresponding masses are also calculated
considering the same scenarios for their quantum numbers. The results of the analyses indicate that
the Σb(6097)
± baryons are excited 1P baryons having quantum numbers JP = 3
2
−
.
I. INTRODUCTION
In the quark model, the heavy baryons containing one heavy and two light quarks form multiplets using the
symmetry of flavor, spin, and spatial wave functions [1]. These considerations lead to the results that they belong
to the sextet and the antitriplet representations of SU(3). At present, almost all the ground-state heavy baryons
have been observed in experiments. According to the quark model predictions, in addition to the ground states, the
existence of their excited states is also expected. So far, only a few excited baryons have been observed in the bottom
sector [2–6]. The detailed study of the experimentally discovered states and looking for new, yet to be observed, states
can play a critical role for understanding of the internal structures of these states and give essential information about
the dynamics of QCD at the non-perturbative domain.
Very recently, the LHCb Collaboration has announced the first observation of two Σb(6097)
− and Σb(6097)
+
resonances with masses m(Σb(6097)
−) = 6098.0± 1.7 ± 0.5 MeV and m(Σb(6097)+) = 6095.8 ± 1.7 ± 0.4 MeV [7].
The widths of these states have also been measured as Γ(Σb(6097)
−) = 28.9 ± 4.2 ± 0.9 MeV and Γ(Σb(6097)+) =
31.0 ± 5.5 ± 0.7 MeV. After the discovery of these states, the determination of their quantum numbers stands as
a central problem. In Ref. [8], to understand the structure of Σb(6097), the mass and strong decay analyses were
considered within a quasi-two-body treatment. As a result of this study, the Σb(6097) was concluded to be a bottom
baryon candidate having JP = 32
−
or JP = 52
−
. In another study, the constituent quark model was applied to
investigate Σb(6097). The authors concluded that this state is a P -wave baryon with the quantum numbers J
P = 32
−
or JP = 52
−
[9]. Another prediction for the quantum numbers of the observed Σb(6097)
− and Σb(6097)
+ states was
presented in Ref. [10] via the quark-pair creation model, which indicated the possibility of their being again either
JP = 32
−
or JP = 52
−
.
In the present study, the properties of these baryons are studied in the framework of the QCD sum rule method [11].
In our calculations, the observed states are considered as 1P or 2S excitated states with J = 12 or J =
3
2 . We analyze
the Σ±b → Λbπ± decays and compare the values of the obtained decay widths with the experimental results, which
allows us to determine the quantum numbers of Σb(6097)
± states. To calculate the decay widths the main ingredient
is the coupling constants corresponding the considered transitions. For calculation of these coupling constants we use
the light cone QCD sum rules (LCSR) method [12]. In this work, we also calculate the masses and the decay constants
of the states under consideration by taking into account again all possibilities, i.e. assuming that these states are 1P
or 2S excited states of the ground state Σb and Σ
∗
b baryons with J =
1
2 or J =
3
2 . The obtained masses and decay
constants are used as inputs in the numerical computations of the strong coupling constants of the related decays.
Similar coupling constants for the ground state baryons with single heavy quark having J = 12 and J =
3
2 have been
calculated in Refs. [13–16].
The paper is organized as follows: In Section 2, the strong decays Σb(6097)
± → Λ0bπ± are studied within the LCSR
method [12] by taking into account the possible configurations assigned to the Σb(6097)
± states. In this section, we
also formulate the sum rules for the masses and decay constants of Σb(6097)
± with J = 12 or J =
3
2 . The numerical
2results of the masses and decay constants are used as input parameters in the analyses of the strong coupling constants
defining the above strong decay channels. The numerical results of the strong coupling constants are also used to
obtain the numerical values of the decay widths of the transitions under consideration. The last section contains our
concluding remarks. The details of the calculations of the spectral densities are given in the appendix.
II. ANALYSIS OF THE ΣbΛbpi VERTEX VIA LIGHT CONE QCD SUM RULE
In this section, we analyze the strong transitions of the Σb(6097)
± states to the Λ0b and π
± particles. As we have
already noted, our primary goal is to determine the quantum numbers of the recently observed Σb(6097)
± baryons.
To this end, we assume that these states are 1P or 2S excitations of the the corresponding ground-state baryons with
J = 12 or J =
3
2 . We calculate the widths of these baryons under these assumptions and compare our results with
that of the experimental data.
Each decay is characterized by its own strong coupling constant. Therefore, in the first step, we calculate the
corresponding coupling constant defining the strong Σb → Λbπ transition for each case within the LCSR. For the
ground-state Σb and Σ
∗
b particles, these strong coupling constants are defined as
〈π(q)Λb(p, s)|Σb(p′, s′)〉 = gΣbΛbpiu¯(p, s)γ5u(p′, s′),
〈π(q)Λb(p, s)|Σ∗b(p′, s′)〉 = gΣ∗bΛbpiu¯(p, s)uµ(p′, s′)qµ. (1)
For their corresponding 1P and 2S excitations, similar definitions as Eq. (1) with the following replacements are used:
a) For the 1P excitations: gΣbΛbpi → gΣb1Λbpi, gΣ∗bΛbpi → gΣ∗b1Λbpi, u(p′, s′) → γ5u(p′, s′), uµ(p′, s′) → γ5uµ(p′, s′),|Σb(p′, s′)〉 → |Σb1(p′, s′)〉 and |Σ∗b(p′, s′)〉 → |Σ∗b1(p′, s′)〉,
b) For the 2S excitations : gΣbΛbpi → gΣb2Λbpi, gΣ∗bΛbpi → gΣ∗b2Λbpi, |Σb(p′, s′)〉 → |Σb2(p′, s′)〉 and |Σ∗b(p′, s′)〉 →|Σ∗b2(p′, s′)〉.
In this section and in all the following discussions, the ground state and its 1P and 2S excitations are denoted
by Σb(Σ
∗
b), Σb1(Σ
∗
b1) and Σb2(Σ
∗
b2) for corresponding J =
1
2 (
3
2 ) baryons, respectively. Here, u(q, s) and uµ(q, s) are
spinors corresponding to the J = 12 and J =
3
2 states, respectively.
For the determination of the aforementioned coupling constants from the LCSR, we introduce the following vacuum
to the pseudo-scalar meson correlation function:
Π(µ)(q) = i
∫
d4xeiq·x〈π(q)|T {ηΛb(x)η¯Σ(∗)
b
(µ)
(0)}|0〉, (2)
where the on-shell π-meson state is represented by 〈π(q)| with momentum q, η
Σ
(∗)
b
(µ)
is used to represent the inter-
polating current of Σ±b (Σ
∗±
b ), and ηΛb is the interpolating current for the Λb baryon having J =
1
2 . The interpolating
fields for the J = 12 -particles are given as
ηΛb =
1√
6
ǫabc
{
2
(
uTaCdb
)
γ5bc + 2β
(
uTaCγ
5db
)
bc +
(
uTaCbb
)
γ5dc + β
(
uTaCγ
5bb
)
dc +
(
bTaCdb
)
γ5uc
+ β
(
bTaCγ
5db
)
uc
}
, (3)
and
ηΣb =
1√
2
ǫabc
{(
qTa Cbb
)
γ5qc + β
(
qTa Cγ
5bb
)
qc −
(
bTaCqb
)
γ5qc − β
(
bTaCγ
5qb
)
qc
}
. (4)
For the states with J = 32 , we have:
ηΣ∗
b
µ =
√
1
3
ǫabc
{
(qTa Cγµqb)bc + (q
T
a Cγµbb)qc + (b
T
aCγµqb)qc
}
. (5)
In above equations, q is the u(d) quark field for Σ
(∗)+
b (Σ
(∗)−
b ). The indices a, b, and c represent the colors, C is the
charge conjugation operator and β is an arbitrary mixing parameter. This mixing parameter is introduced to include
all the possible quark configurations in the interpolating currents considering the quantum numbers of the particles
under considerations in order to write the possible general forms of the interpolating currents for the particles with
J = 12 . The case β = −1 corresponds to the Ioffe current.
3To obtain the sum rules for the strong coupling constants we start with the standard procedures of the QCD sum
rules derivations. To obtain the physical or phenomenological sides of the desired sum rules, we insert complete sets
of the Σb(Σ
∗
b) and Λb baryons into the correlation function. As a result, we get
ΠPhys(µ) (p, q) =
〈0|ηΛb |Λb(p, s)〉
p2 −m2Λb
〈π(q)Λb(p, s)|Σ(∗)b (p′, s′)〉
〈Σ(∗)b (p′, s′)|η¯Σ(∗)
b
(µ)
|0〉
p′2 −m(∗)2
+
〈0|ηΛb |Λb(p, s)〉
p2 −m2Λb
〈π(q)Λb(p, s)|Σ(∗)b1 (p′, s′)〉
〈Σ(∗)b1 (p′, s′)|η¯Σ(∗)
b
(µ)
|0〉
p′2 −m1(∗)2
+ . . . , (6)
ΠPhys(µ) (p, q) =
〈0|ηΛb |Λb(p, s)〉
p2 −m2Λb
〈π(q)Λb(p, s)|Σ(∗)b (p′, s′)〉
〈Σ(∗)b (p′, s′)|η¯Σ(∗)
b
(µ)
|0〉
p′2 −m(∗)2
+
〈0|ηΛb |Λb(p, s)〉
p2 −m2Λb
〈π(q)Λb(p, s)|Σ(∗)b2 (p′, s′)〉
〈Σ(∗)b2 (p′, s′)|η¯Σ(∗)
b
(µ)
|0〉
p′2 −m(∗)22
+ . . . , (7)
where p is the momentum of the Λb baryon and p
′ = p+ q is the momentum of the considered Σ
(∗)
b and Σ
(∗)
bi initial
states, with i = 1 or 2 indicating the 1P or 2S excited state. The dots at the ends of equations are used to represent
the contributions of the higher states and the continuum. It is well known that the physical (hadronic) side of the
correlation function are complicated by the appearance of the contributions from the baryonic states of both positive
and negative parities. Constructing the QCD sum rules for physical quantities free of the pollution from the unwanted
(opposite) parity partners is of great importance (see Ref. [17] for more details). In our case, the hadronic side of the
correlation function contains contributions from 1S, 1P and 2S states at the same time. However, it is impossible
to analytically solve the resultant coupled equations and separate different contributions from each other when three
resonances are encountered. For this reason, in present work, we use the ansatz that the hadronic side contains
contributions either from 1S + 1P or 1S + 2S states. By this way, we assume that the observed states Σb(6097)
± to
be either 1P or 2S excitations of the corresponding ground-state baryons with J = 12 or J =
3
2 . Then we separate
the corresponding contributions of each state in each case. Naturally, such an assumption brings some systematic
uncertainties. However, in order to estimate the order of systematic uncertainties due to this assumption it is also
necessary to take simultaneously into account contributions of 1P and 2S states. In this case, we need to numerically
solve the resultant three coupled equations. Analysis of this scenario lies beyond the scope of this work and we are
planning to discuss this point in future, separately.
After using the matrix elements given in Eq. (1) together with the following matrix elements, defined in terms of
the decay constants, λ(∗), λ
(∗)
1 , λ
(∗)
2 and λΛb ,
〈0|ηΣb |Σb(p′, s)〉 = λu(p′, s),
〈0|ηΣb |Σb1(p′, s)〉 = λ1γ5u(p′, s),
〈0|ηΣb |Σb2(p′, s)〉 = λ2u(p′, s),
〈0|ηΛb |Λb(p, s)〉 = λΛbu(p, s), (8)
for the J = 12 -states and
〈0|ηΣ∗
b
µ|Σ∗b (p′, s)〉 = λ∗uµ(p′, s),
〈0|ηΣ∗
b
µ|Σ∗b1(p′, s)〉 = λ∗1γ5uµ(p′, s),
〈0|ηΣ∗
b
µ|Σ∗b2(p′, s)〉 = λ∗2uµ(p′, s), (9)
for the J = 32 -states, inside Eqs. (6) and (7), and making the summations over spins using∑
s
u(k, s)u¯(k, s) = (6k +m), (10)
∑
s
uµ(k, s)u¯ν(k, s) = −(6k +m)
[
gµν − 1
3
γµγν − 2kµkν
3m2
+
kµγν − kνγµ
3m
]
, (11)
4the results become
ΠPhys(p, q) =
gΣbΛbpiλΛbλ
(p2 −m2Λb)(p′2 −m2)
(/q/pγ5 + (m−mΛb)/pγ5) +
gΣb1ΛbpiλΛbλ1
(p2 −m2Λb)(p′2 −m21)
(/q/pγ5 − (m1 +mΛb)/pγ5)
+ . . . , (12)
ΠPhys(p, q) =
gΣbΛbpiλΛbλ
(p2 −m2Λb)(p′2 −m2)
(/q/pγ5 + (m−mΛb)/pγ5) +
gΣb2ΛbpiλΛbλ2
(p2 −m2Λb)(p′2 −m22)
(/q/pγ5 + (m2 −mΛb)/pγ5)
+ . . . , (13)
ΠPhysµ (p, q) = −
gΣ∗
b
ΛbpiλΛbλ
(p2 −m2Λb)(p′2 −m∗2)
[ (m2Λb + 2mΛbm∗ +m∗2 −m2pi)
6m∗
/q/pγµ +
(m2Λb −mΛbm∗ +m∗2 −m2pi)mΛb
3m∗2
/qqµ
]
+
gΣ∗
b1
ΛbpiλΛbλ
∗
1
(p2 −m2Λb)(p′2 −m∗12)
[ (m2Λb − 2mΛbm∗1 +m∗12 −m2pi)
6m∗1
/q/pγµ −
(m2Λb +mΛbm
∗
1 +m
∗
1
2 −m2pi)mΛb
3m∗1
2 /qqµ
]
+ . . . , (14)
ΠPhysµ (p, q) = −
gΣ∗
b
ΛbpiλΛbλ
(p2 −m2Λb)(p′2 −m∗2)
[ (m2Λb + 2mΛbm∗ +m∗2 −m2pi)
6m∗
/q/pγµ +
(m2Λb −mΛbm∗ +m∗2 −m2pi)mΛb
3m∗2
/qqµ
]
− gΣ
∗
b2
ΛbpiλΛbλ
∗
2
(p2 −m2Λb)(p′2 −m∗22)
[ (m2Λb + 2mΛbm∗2 +m∗22 −m2pi)
6m∗2
/q/pγµ +
(m2Λb −mΛbm∗2 +m∗22 −m2pi)mΛb
3m∗2
2 /qqµ
]
+ . . . , (15)
where we only keep the terms that we use in the analyses and the dots in all the final results represent the contributions
coming from other structures as well as the higher states and continuum. By applying the double Borel transformation
with respect to −p2 and −p′2, we suppress the contributions of the higher states and the continuum, and after this
process, the Eqs. (12)-(15) become
Π˜Phys(p, q) = gΣbΛbpiλΛbλe
−m2/M21 e−m
2
Λb
/M22 [/q/pγ5 + (m−mΛb) /pγ5] + gΣb1ΛbpiλΛbλ1e−m
2
1/M
2
1 e−m
2
Λb
/M22
×[/q/pγ5 − (m1 +mΛb) /pγ5] + . . . , (16)
Π˜Phys(p, q) = gΣbΛbpiλΛbλe
−m2/M21 e−m
2
Λb
/M22 [/q/pγ5 + (m−mΛb) /pγ5] + gΣb2ΛbpiλΛbλ2e−m
2
2/M
2
1 e−m
2
Λb
/M22
×[/q/pγ5 + (m2 −mΛb) /pγ5] + . . . , (17)
Π˜Physµ (p, q) = −gΣ∗bΛbpiλΛbλ∗e−m
∗2/M21 e−m
2
Λb
/M22
[ (m2Λb + 2mΛbm∗ +m∗2 −m2pi)
6m∗
/q/pγµ
+
(m2Λb −mΛbm∗ +m∗2 −m2pi)mΛb
3m∗2
/qqµ
]
+ gΣ∗
b1
ΛbpiλΛbλ
∗
1e
−m∗1
2/M21 e−m
2
Λb
/M22
×
[ (m2Λb − 2mΛbm∗1 +m∗12 −m2pi)
6m∗1
/q/pγµ −
(m2Λb +mΛbm
∗
1 +m
∗
1
2 −m2pi)mΛb
3m∗1
2 /qqµ
]
+ . . . , (18)
Π˜Physµ (p, q) = −gΣ∗bΛbpiλΛbλ∗e−m
∗2/M21 e−m
2
Λb
/M22
[ (m2Λb + 2mΛbm∗ +m∗2 −m2pi)
6m∗
/q/pγµ
+
(m2Λb −mΛbm∗ +m∗2 −m2pi)mΛb
3m∗2
/qqµ
]
− gΣ∗
b2Λbpi
λΛbλ
∗
2e
−m∗2
2/M21 e−m
2
Λb
/M22
×
[ (m2Λb + 2mΛbm∗2 +m∗22 −m2pi)
6m∗2
/q/pγµ +
(m2Λb −mΛbm∗2 +m∗22 −m2pi)mΛb
3m∗2
2 /qqµ
]
+ . . . , (19)
5where M21 and M
2
2 are the corresponding Borel parameters to be fixed later. In the above equations, the notation
Π˜Phys(µ) (p, q) is used to show the Borel transformed form of Π
Phys
(µ) (p, q), and we use q
2 = m2pi. Among the presented
Lorentz structures, to get the sum rules for the coupling constants, we choose the /q/pγ5 and /pγ5 for J =
1
2 scenarios.
The structures considered for the J = 32 scenarios are the /q/pγµ and /qqµ. For J =
3
2 scenarios, the selected structures
are free from the undesired spin- 12 pollution.
Besides the physical sides of the calculations we need the theoretical or QCD sides of the desired sum rules obtained
from the correlation function, Eq. (2), via the operator product expansion (OPE). To this end, the explicit forms of the
interpolating currents are placed in the correlator and possible contractions are made between the quark fields using
Wick’s theorem. As a results of these contractions, we obtain the outcomes in terms of the heavy- and light-quark
propagators. There also appear terms containing the matrix elements of the quark-gluon field operators between
vacuum and π-meson states having the common form 〈π(q)|q¯(x)ΓGµνq(y)|0〉 or 〈π(q)|q¯(x)Γq(y)|0〉. Their explicit
expressions are given in terms of the π-meson distribution amplitudes (DAs) (see Refs. [18–20]). The Γ and Gµν
denote the full set of Dirac matrices and the gluon field strength tensor, respectively. Using these matrix elements,
one gets the nonperturbative parts contributing to the results in coordinate space. We then carry out the calculations
in the momentum space and apply a double Borel transformation over the same variables as the physicsl sides. After
applying the continuum subtraction procedure, the coefficients of same Lorentz structures as in the physical sides are
considered, and the matching of these coefficients from both sides leads to the QCD sum rules for the strong coupling
constants under question. Representing the Borel transformed results of the QCD sides with Π˜
(∗)OPE
1 and Π˜
(∗)OPE
2 ,
we can depict the mentioned matches as follows:
gΣbΛbpiλΛbλe
−m
2
M2
1 e
−
mΛb
M2
2 + gΣb1ΛbpiλΛbλ1e
−
m21
M2
1 e
−
mΛb
M2
2 = Π˜OPE1 ,
gΣΛbpiλΛbλe
−m
2
M2
1 e
−
mΛb
M2
2 (m−mΛb)− gΣb1ΛbpiλΛbλ1e
−
m21
M2
1 e
−
mΛb
M2
2 (m1 +mΛb) = Π˜
OPE
2 , (20)
gΣbΛbpiλΛbλe
−m
2
M2
1 e
−
mΛb
M2
2 + gΣbΛbpiλΛbλ1e
−
m21
M2
1 e
−
mΛb
M2
2 = Π˜OPE1 ,
gΣbΛbpiλΛbλe
−m
2
M2
1 e
−
mΛb
M2
2 (m−mΛb) + gΣb2ΛbpiλΛbλ2e
−
m22
M2
1 e
−
mΛb
M2
2 (m2 −mΛb) = Π˜OPE2 , (21)
− gΣ∗
b
ΛbpiλΛbλ
∗ [(m
∗ +mΛb)
2 −m2pi]
6m∗
e
−m
∗2
M2
1 e
−
mΛb
M2
2 + gΣ∗
b1Λbpi
λΛbλ
∗
1
[m∗1 −mΛb)2 −m2pi]
6m∗1
e
−
m∗1
2
M2
1 e
−
mΛb
M2
2 = Π˜∗1
OPE,
− gΣ∗
b
ΛbpiλΛbλ
∗
[m∗2 +m2Λb −m∗mΛb −m2pi]mΛb
3m∗2
e
−m
∗2
M2
1 e
−
mΛb
M2
2 − gΣ∗
b1
ΛbpiλΛbλ
∗
1
[m∗1
2 +m2Λb +m
∗
1mΛb −m2pi]mΛb
3m∗1
2
× e−
m∗1
2
M21 e
−
mΛb
M22 = Π˜∗2
OPE, (22)
− gΣ∗
b
ΛbpiλΛbλ
∗ [(m
∗ +mΛb)
2 −m2pi]
6m∗
e
−m
∗2
M2
1 e
−
mΛb
M2
2 − gΣ∗
b2Λbpi
λΛbλ
∗
2
[(m∗2 +mΛb)
2 −m2pi]
6m∗2
e
−
m∗2
2
M2
1 e
−
mΛb
M2
2 = Π˜∗1
OPE,
− gΣ∗
b
ΛbpiλΛbλ
∗ [m
∗2 +m2Λb −m∗mΛb −m2pi]mΛb
3m∗2
e
−m
∗2
M2
1 e
−
mΛb
M2
2 − gΣ∗
b2Λbpi
λΛbλ
∗
2
[m∗2
2 +m2Λb −m∗2mΛb −m2pi]mΛb
3m∗2
2
× e−
m∗2
2
M2
1 e
−
mΛb
M2
2 = Π˜∗2
OPE, (23)
where Π˜OPE1 (Π˜
∗
1
OPE) and Π˜OPE2 (Π˜
∗
2
OPE) represent the Borel transformed coefficients of the /q/pγ5(/q/pγµ) and /pγ5(/qqµ)
structures for the J = 12 (
3
2 ) cases. The procedures of the calculations of these functions and their expressions are very
lengthy. Hence, in appendix, we briefly show how we calculate these functions and give only the explicit form of the
Π˜∗OPE1 function for the Σb(6097)
+ → Λ0bπ+ transition as an illustration.
The QCD sum rules for the coupling constants are obtained from the numerical solutions of the equation pairs
given in the Eqs. (20) and (21) for the J = 12 scenarios and the Eqs. (22) and (23) for the J =
3
2 scenarios.
The calculations for the coupling constants require some input parameters presented in Table I. Since the masses
of the considered baryons are close to each other, we choose
M21 = M
2
2 = 2M
2 obtained from M2 =
M21M
2
2
M21 +M
2
2
. (24)
6Parameters Values
m
Σ+
b
5811.31.9 MeV [21]
m
Σ−
b
5815.5 ± 1.8 MeV [21]
mΣ∗
b
+ 5832.1 ± 1.9 MeV [21]
mΣ∗
b
− 5835.1 ± 1.9 MeV [21]
mb 4.18
+0.04
−0.03 GeV [21]
md 4.7
+0.5
−0.3 MeV [21]
λΛb (3.85± 0.56) × 10
−2 GeV3 [16]
〈q¯q〉(1GeV) (−0.24± 0.01)3 GeV3 [22]
〈s¯s〉 0.8〈q¯q〉 [22]
m20 (0.8± 0.1) GeV
2 [22]
〈g2sG
2〉 4pi2(0.012± 0.004) GeV4[23]
TABLE I: Some input parameters used in the calculations of the coupling constants and the masses.
As is seen from the equations, Eqs. (20)-(23), for the analyses of the considered coupling constants we also need the
mass values of the considered baryons, and their decay constants. To obtain the masses and the decay constants we
consider the following correlation function:
T(µν)(q) = i
∫
d4xeiq·x〈0|T {η
Σ
(∗)
b
(µ)
(x)η¯
Σ
(∗)
b
(ν)
(0)}|0〉, (25)
where the current η
Σ
(∗)
b
(µ)
corresponds to the considered J = 12 (
3
2 ) state, composed of the quark fields regarding the
related quantum numbers. The sub-index Σb is used to represent one of the states, Σ
±
b having spin
1
2 and Σ
∗±
b having
J = 32 . To determine the masses of the Σ
(∗)
b states, we again consider two assumptions for each of the above-mentioned
baryons, and four different QCD sum rules are obtained. For this purpose, the interpolating currents given in Eqs. (4)
and (5) are used.
In the two-point QCD sum rule method for mass, one again follows two ways in the calculation of the corresponding
correlator. The first one includes the calculation of the correlator in terms of the hadronic degrees of freedom and
therefore it is called as the physical or the phenomenological side. For this purpose, the interpolating fields are treated
as the operators creating or annihilating the states under consideration. Insertion of complete sets of hadronic states
having the same quantum numbers of the hadrons under question results in
TPhys(µν) (q) =
〈0|η
Σ
(∗)
b
(µ)
|Σ(∗)b (q, s)〉〈Σ(∗)b (q, s)|η¯Σ(∗)
b
(ν)
|0〉
m(∗)2 − q2 +
〈0|η
Σ
(∗)
b
(µ)
|Σ(∗)b1 (q, s)〉〈Σ(∗)b1 (q, s)|η¯Σ(∗)
b
(ν)
|0〉
m
(∗)
1
2 − q2
+ . . . , (26)
and
TPhys(µν) (q) =
〈0|η
Σ
(∗)
b
(µ)
|Σ(∗)b (q, s)〉〈Σ(∗)b (q, s)|η¯Σ(∗)
b
(ν)
|0〉
m(∗)2 − q2 +
〈0|η
Σ
(∗)
b
(µ)
|Σ(∗)b2 (q, s)〉〈Σ(∗)b2 (q, s)|η¯Σ(∗)
b
(ν)
|0〉
m
(∗)
2
2 − q2
+ . . . , (27)
where Eq. (26) is obtained for the 1P excitation and Eq.(27) is for the 2S excitation scenarios, respectively, with
m(∗), m
(∗)
1 , and m
(∗)
2 being the masses of the 1S, 1P , and 2S excited states of each considered Σ
(∗)
b baryons whose
one-particle states are represented by |Σ(∗)b 〉, |Σ(∗)b1 〉, and |Σ(∗)b2 〉, respectively. The dots represent contributions of the
higher states and the continuum. As seen from the last equations, these calculations also require the matrix elements
given in the Eqs. (8) and (9). In these calculations again, the ground state and its 1P and 2S excitations are notated
by Σb(Σ
∗
b), Σb1(Σ
∗
b1), and Σb2(Σ
∗
b2) for corresponding J =
1
2 (
3
2 ) baryon, respectively, and λ(λ
∗), λ1(λ
∗
1) and λ2(λ
∗
2) are
their corresponding decay constants. After the usage of expressions for the matrix elements and using the summation
relations for spinors u(q, s) and uµ(q, s) given in Eqs (10) and (11), the physical sides for the J =
1
2 cases are obtained
as
TPhys(q) =
λ2(6q +m)
m2 − q2 +
λ1
2(6q −m1)
m21 − q2
+ . . . , (28)
7and
TPhys(q) =
λ2(6q +m)
m2 − q2 +
λ22(6q +m2)
m22 − q2
+ . . . . (29)
The similar steps give the results for the J = 32 cases as
TPhysµν (q) = −
λ∗2
q2 −m∗2 (6q +m
∗)
[
gµν − 1
3
γµγν − 2qµqν
3m∗2
+
qµγν − qνγµ
3m∗
]
− λ
∗
1
2
q2 −m∗12
(6q −m∗1)
[
gµν − 1
3
γµγν − 2qµqν
3m∗1
2
+
qµγν − qνγµ
3m∗1
]
+ . . . , (30)
and
TPhysµν (q) = −
λ∗2
q2 −m∗2 (6q +m
∗)
[
gµν − 1
3
γµγν − 2qµqν
3m∗2
+
qµγν − qνγµ
3m∗
]
− λ
2
2
q2 −m∗22
(6q +m∗2)
[
gµν − 1
3
γµγν − 2qµqν
3m∗2
2
+
qµγν − qνγµ
3m∗2
]
+ . . . . (31)
As already mentioned, we need to follow a second way to calculate the same correlation function, Eq. (25), which
proceeds in terms of the quark and gluon degrees of freedom. For this side of the calculation, we exploit the explicit
expressions of the interpolating currents and OPE. After making the possible contractions between the quark fields,
the results turn into expressions containing heavy- and light-quark propagators. To attain the final results, the
expressions of these quark propagators are used and Fourier transformation from coordinate space to momentum
space is applied to obtain the final form of the QCD sides. The results of this side are very lengthy; therefore, we will
not give them here explicitly.
The calculations of the physical and the QCD sides are followed by the application of a Borel transformation to
both sides, which suppresses the contributions coming from the higher states and continuum. Finally, the QCD sum
rules are attained by matching the coefficients of the same Lorentz structures from both sides. In the present work,
the mentioned structures are 6 q and I for the J = 12 cases and 6 qgµν and gµν for the J = 32 cases. While choosing
the structures for the J = 32 states, among the various possibilities, the structures 6qgµν and gµν are considered since
the others contain the undesired contributions from the J = 12 states as well. After the application of the continuum
subtraction, the obtained equation pairs are solved numerically for each state under consideration. These equations
are given as
λ2e−
m2
M2 + λ21(λ
2
2)e
−
m21(m
2
2)
M2 = T˜OPE1 ,
mλ2e−
m2
M2 ∓m1(m2)λ21(λ22)e−
m21(m
2
2)
M2 = T˜OPE2 . (32)
In the second term of the second equation, we use the − and + signs to represent the results for 1P excitation, Σb1,
and 2S excitation, Σb2, respectively. To represent the expressions obtained in the QCD side of the calculations, we
use T˜OPEi with i = 1, 2, which are the coefficients of the structures 6 q and I for J = 12 cases. To obtain the results
corresponding to the J = 32 cases, it suffices to make the changes λ1 → λ∗1, λ2 → λ∗2, m1 → m∗1, m2 → m∗2 and
T˜OPEi → T˜ ∗OPEi where T˜ ∗OPEi is used to represent the coefficients obtained from 6qgµν and gµν in the QCD side.
In the numerical analyses of the obtained results, we need some input parameters, which are presented in the
Table I. The other ingredients of the sum rules are the three auxiliary parameters present in the results, namely the
Borel parameter M2, threshold parameter s0, and an arbitrary parameter β. Note that the parameter β belongs to
the currents of the states with J = 12 . Their working regions are fixed via following some criteria of the QCD sum
rule formalism. To decide on the relevant region for the Borel parameter, the convergence of the OPE calculation is
considered. To satisfy this requirement, we demand a dominant perturbative contribution compared to the nonper-
turbative ones which helps us determine the lower limit of the Borel parameter. As for its upper limit, the criterion
is the pole dominance. In technical language, for the upper band of the Borel window we require that
T˜
(∗)OPE
i (M
2, s0, β)
T˜
(∗)OPE
i (M
2,∞, β)
≥ 1
2
, (33)
while, for the lower band we demand that the perturbative part in each case exceeds the total nonperturbative
contributions and the series of the corresponding OPE converge. From our analyses, we get this working interval as
5 GeV2 ≤M2 ≤ 8 GeV2. (34)
8On the other hand, the threshold parameter, s0, is related to the energy of the first excited state of the considered
state. Due to the lack of information about these excited states, this parameter is also determined considering pole
dominance condition as
43 GeV2 ≤ s0 ≤ 47 GeV2. (35)
The parameter β is determined from the analyses of the results searching for the region giving the least possible
variation as a function of this parameter. This region is acquired via a parametric plot depicting the dependency of
the result on cos θ, where β = tan θ. In figure 1, as an example, we plot the dependence of the residue of Σ+b (
1
2
−
)
state on cos θ at average values of M2 and s0. From this figure and analyses of the obtained sum rules, the working
region for the cos θ is obtained as
FIG. 1: The dependence of the residue of Σ+b (
1
2
−
) state on cos θ at average values of M2 and s0.
−1.0 ≤ cos θ ≤ −0.3 and 0.3 ≤ cos θ ≤ 1.0, (36)
where the results demonstrate small dependencies on the mixing parameter β. In order to see how the OPE sides
of the mass sum rules converge, as an example, we show the dependence of the OPE side of the mass sum rule for
the J = 32 case and the structure 6 qgµν on M2 at average values of the s0 and cos θ in figure 2. As is seen from this
figure, the perturbative part constitutes the main contribution and the corresponding OPE series demonstrate a good
convergence.
FIG. 2: Various contributions to the OPE side of the mass sum rules for the J = 3
2
case and the structure 6 qgµν on M
2 at
average values of the s0 and cos θ.
With the usage of working intervals of the auxiliary parameters and the ones given in the Table I, the obtained
masses and the decay constants are presented in Table II. For the extraction of the masses for the considered excited
states, the masses of corresponding ground-state baryons are used as inputs. Note that the central values presented
in this table are obtained at average values of M2 and s0, i.e., M
2 = 6.5 GeV2 and s0 = 45 GeV
2 as well as the
9The state Mass (MeV) Decay constant λ (GeV3)
Σ+b (
1
2
−
)(1P ) 6091+197−168 0.11
+0.03
−0.03
Σ+b (
1
2
+
)(2S) 6091+197−168 0.73
+0.02
−0.04
Σ−b (
1
2
−
)(1P ) 6092+197−168 0.11
+0.06
−0.03
Σ−b (
1
2
+
)(2S) 6092+197−168 0.74
+0.04
−0.02
Σ∗+b (
3
2
−
)(1P ) 6093+108−123 0.068
+0.010
−0.011
Σ∗+b (
3
2
+
)(2S) 6093+108−123 0.47
+0.06
−0.02
Σ∗−b (
3
2
−
)(1P ) 6095+107−122 0.068
+0.010
−0.011
Σ∗−b (
3
2
+
)(2S) 6095+107−122 0.47
+0.04
−0.02
TABLE II: The results of the spectroscopic parameters obtained for the 1P and 2S excitations of the ground state Σ+b and Σ
−
b
baryons with J = 1
2
and Σ∗+b and Σ
∗−
b with J
P = 3
2
.
average values of the cos θ in both the positive and negative sides. This table also contains the errors in the results
coming from uncertainties existing in the input parameters and the uncertainties arising in the determination of the
working windows for auxiliary parameters.
As seen from the table, although the mass results are consistent with that of the experimental observation given
as mΣb(6097)− = 6098.0 ± 1.7 ± 0.5 MeV and mΣb(6097)+ = 6095.8 ± 1.7 ± 0.4 MeV [7], their central values are too
close to indicate a deterministic information about the quantum numbers of the observed Σb(6097) states. Therefore,
for this purpose it would be much more helpful to resort to the results obtained for the decay widths. These decay
widths are obtained from the usage of the results of strong coupling constant calculations with the application of the
obtained mass and decay constant values.
After getting the masses and decay constants, we turn our attention again to the strong coupling constant calcu-
lations in which the results of above spectroscopic parameters are used as inputs. In the strong coupling constant
analyses we adopt the auxiliary parameters used in the calculations of masses and decay constants with one exception.
The Borel parameter M2 in these calculations is revisited, and, considering the OPE series convergence and the pole
dominance conditions, its interval for the strong coupling constants is determined as
15 GeV2 ≤M2 ≤ 25 GeV2. (37)
The coupling constants attained from the QCD sum rule analyses are used to get the related decay widths for the
1P and the 2S excitations of the considered states. To this end, we use the decay width formulas for the J = 12 cases
given as:
Γ (Σb1 → Λbπ) =
g2Σb1Λbpi
8πm21
[
(m1 +mΛb)
2 −m2pi
]
f(m1,mΛb ,mpi), (38)
for 1P excitations and
Γ (Σb2 → Λbπ) =
g2Σb2Λbpi
8πm22
[
(m2 −mΛb)2 −m2pi
]
f(m2,mΛb ,mpi), (39)
for the 2S excitations, respectively. For the J = 32 cases the respective decay-width equations are
Γ(Σ∗b1 → Λbπ) =
g2Σ∗
b1Λbpi
24πm∗1
2
[
(m∗1 −mΛb)2 −m2pi
]
f3(m∗1,mΛb ,mpi), (40)
and
Γ(Σ∗b2 → Λbπ) =
g2Σ∗
b2Λbpi
24πm∗2
2
[
(m∗2 +mΛb)
2 −m2pi
]
f3(m∗2,mΛb ,mpi). (41)
The function f(x, y, z) present in the decay width equations is
f(x, y, z) =
1
2x
√
x4 + y4 + z4 − 2x2y2 − 2x2z2 − 2y2z2.
Table III presents the numerical results of the calculations for the coupling constants and decay widths. It can
be seen from the table that our width results obtained for the scenario considering Σb(6097)
± as the 1P excitations
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The state B(JP ) gΣbΛbpi Γ (MeV)
Σ+b (
1
2
−
)(1P ) 1.4 ± 0.3 127.2 ± 36.9
Σ+b (
1
2
+
)(2S) 9.1 ± 2.0 7.7± 2.3
Σ−b (
1
2
−
)(1P ) 1.2 ± 0.3 85.4 ± 23.1
Σ−b (
1
2
+
)(2S) 7.5 ± 1.7 5.4± 1.6
Σ∗+b (
3
2
−
)(1P ) 67.7 ± 14.9 27.5± 7.4
Σ∗+b (
3
2
+
)(2S) 37.8 ± 8.3 5.7± 1.6
Σ∗−b (
3
2
−
)(1P ) 67.7 ± 14.9 28.1± 7.6
Σ∗−b (
3
2
+
)(2S) 37.8 ± 8.3 5.8± 1.6
TABLE III: The results of the coupling constants and the decay widths obtained for 1P and 2S excitations of the ground state
Σ+b and Σb
− baryons having spin- 1
2
and Σ∗b
+ and Σ∗b
− having spin- 3
2
.
of the ground state Σ∗±b with J
P = 32
−
are comparable to that of the experimental findings given as ΓΣb(6097)− =
28.9± 4.2± 0.9 MeV and ΓΣb(6097)+ = 31.0± 5.5± 0.7 MeV [7]. Note that the main uncertainties of the results for the
couplings and masses belong to the variations of the results with respect to the variations of the continuum threshold
s0 and the results show small dependencies on other auxiliary parameters as well as other input parameters. Figure
3 shows the dependence of the gΣ∗+
b
( 32
−)Λbpi
on M2 (s0) at different fixed values of s0 (M
2) and at average values of
cos θ. As is seen, the main source of uncertainties belongs to the variations of the continuum threshold s0.
FIG. 3: The dependence of the g
Σ
∗+
b
( 3
2
−
)Λbpi
on M2 (s0) at different fixed values of s0 (M
2) and at average values of cos θ.
At the end of this section we would like to compare our results for the masses and widths with the predictions of
other approaches. In Ref.[8], using the quasi-two-body method, the results for the masses were obtained as 6094 MeV
and 6098 MeV for Σ(3/2−) and Σ(5/2−) sates, respectively, indicating the possibility for the particle Σb(6097) having
either JP = 3/2− or 5/2−. The result of the mass for Σ(3/2−) state is consistent with our predictions. In the same
reference the decay widths also considered and for the channel with final states Λbπ the results were presented as
35.2 MeV and 35.8 MeV for Σ(3/2−) and Σ(5/2−) sates, respectively, supporting their conclusion obtained from the
mass calculations. The decay width calculations to the same final state for the strong decay of the P-wave Σb baryon
was also considered in Ref. [9] using chiral quark model which leaded to the results 32.3 MeV and 31.4 MeV for
JP = 3/2− and 5/2− considerations, respectively. Another study supporting the Σb(6097) having either a J
P = 3/2−
or 5/2− presented the decay widths as 14.56(14.19) MeV for the Σb(6097)
−(Σb(6097)
+) for both JP = 3/2− and
5/2− cases [10]. As is seen the results of [10] for decay widths differ from our predictions and the experimental data,
considerably. However, the predictions of [8, 9] are close to our predictions as well as the experimental results. The
advantage of our predictions for the widths using the LCSR is that by combination of these predictions with the mass
results we can exactly assign the particles Σb(6097)
± to be the 1P excitations of the ground state Σ∗±b baryons with
quantum numbers JP = 32
−
.
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III. CONCLUSION
To investigate the properties of the recently observed Σb(6097)
±, the light cone QCD sum rule calculations were
performed and the strong coupling constants for their transitions to Λ0bπ
± states were obtained. For the analyses,
two possible cases, J = 12 and J =
3
2 , were considered and for each of them the 1P and 2S excitations were taken
into account. For each case, the considered decays were studied, and from the obtained strong coupling constants,
the related decay widths were calculated. For the calculations of the strong coupling constants, the mass and the
decay constant of each considered state with possible quantum numbers were required. To supply these quantities we
employed the two-point QCD sum rules. From the results of mass sum rule analyses, we obtained the mass values as
mΣ+
b
( 12 :1P (2S))
= 6091+197−168 MeV, mΣ−
b
( 12 :1P (2S))
= 6092+197−168 MeV, mΣ∗+
b
( 32 :1P (2S))
= 6093+108−123 MeV, mΣ∗−
b
( 32 :1P (2S))
=
6095+107−122 MeV. As is seen, the central values obtained for masses are in consistency with the experimentally observed
masses, m(Σb(6097)
−) = 6098.0 ± 1.7 ± 0.5 MeV and m(Σb(6097)+) = 6095.8 ± 1.7 ± 0.4 MeV [7]. However it
can be seen from these results, just looking at these mass values it is not possible to draw a conclusion about the
quantum numbers of the states Σb(6097)
±. Because, the central values of the obtained results are close not only to
the experimental results but also to each other, and this does not allow us to make a conclusive statement about the
quantum numbers. Therefore, using them as input quantities in the calculations of the strong coupling constants,
we attained the numerical values of the corresponding coupling constants and subsequently the related decay widths,
which were the main focus of the present work. Our results for the decay widths obtained for the JP = 32
−
possibilities
are ΓΣ+
b
( 32
−) = 27.5± 7.4 MeV and ΓΣ−
b
( 32
−) = 28.1± 7.6 MeV, which are in accord with the observed widths of these
states, i.e. Γ(Σb(6097)
−) = 28.9± 4.2± 0.9 MeV and Γ(Σb(6097)+) = 31.0± 5.5± 0.7 MeV [7]. These results support
the states being 1P excitations of the ground state Σ∗±b with J =
3
2 .
IV. APPENDIX: SOME DETAILS OF THE CALCULATIONS OF THE SPECTRAL DENSITIES FOR
THE COUPLING CONSTANTS
Here we present some details of the calculations of the spectral densities used in the analyses of the strong coupling
constants. After contracting out the quark fields in the QCD side, there appear an expression in terms of the heavy
and light quarks propagators as well as the matrix elements of the quark-gluon field operators between vacuum and
pseudoscalar meson states having the forms 〈PS(q)|q¯(x)ΓGµνq(y)|0〉 and 〈PS(q)|q¯(x)Γq(y)|0〉. These matrix elements
are given in terms of the pseudoscalar meson DAs (see Refs. [18–20]). For some details on the calculations of the
spectral densities in QCD, we also refer the reader to Ref. [24].
For the light and heavy quarks propagators we use
Sq(x)=
i/x
2π2x4
− mq
4π2x2
− 〈q¯q〉
12
(
1− imq
4
/x
)
− x
2
192
m20〈q¯q〉
(
1− imq
6
/x
)
−igs
∫ 1
0
du
[
/x
16π2x2
Gµν(ux)σµν − i
4π2x2
uxµGµν(ux)γ
ν
−i mq
32π2
Gµν(ux)σ
µν
(
ln
(−x2Λ2
4
)
+ 2γE
)]
, (42)
and
SQ(x)=
m2Q
4π2
K1(mQ
√−x2)√−x2 − i
m2Q/x
4π2x2
K2(mQ
√
−x2)
−igs
∫
d4k
(2π)4
e−ikx
∫ 1
0
du
[
/k +mQ
2(m2Q − k2)2
Gµν(ux)σµν
+
u
m2Q − k2
xµG
µν(ux)γν
]
, (43)
where γE is the Euler constant, Gµν is the gluon field strength tensor, Λ is the scale parameter and Kν in the heavy
propagator denote the Bessel functions of the second kind.
After insertion of the light and heavy quarks propagators as well as the DAs of the pseudoscalar mesons we get the
following generic term, as an example for the leading twist (see also [15]):
T =
∫
d4x eipx
∫ 1
0
du eiuqxf(u)
Kν(mQ
√−x2)
(
√−x2)n , (44)
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where f(u) denotes the leading DAs. We need to perform the Fourier and Borel transformations as well as continuum
subtraction on this expression. To this end, we use the integral representation of the modified Bessel function as
Kν(mQ
√
−x2) = Γ(ν + 1/2)2
ν
√
πmνQ
∫ ∞
0
dt cos(mQt)
(
√−x2)ν
(t2 − x2)ν+1/2 , (45)
which leads to
T =
∫
d4x
∫ 1
0
du eiPxf(u)
Γ(ν + 1/2)2ν√
πmνQ
∫ ∞
0
dt cos(mQt)
1
(
√−x2)n−ν(t2 − x2)ν+1/2 , (46)
where P = p+ uq. By transferring the calculations into the Euclidean space and using the identity
1
Zn
=
1
Γ(n)
∫ ∞
0
dα αn−1e−αZ , (47)
we get
T =
−i2ν√
πmνQΓ(
n−ν
2 )
∫ 1
0
duf(u)
∫ ∞
0
dt eimQt
∫ ∞
0
dy y
n−ν
2 −1
∫ ∞
0
dv vν−
1
2 e−vt
2
∫
d4x˜e−iP˜ x˜−yx˜
2−vx˜2 ,
(48)
where the sign ∼ refers to the vectors in Euclidean space. After performing the resultant Gaussian integral over
four-x˜, we end up with
T =
−i2νπ2√
πmνQΓ(
n−ν
2 )
∫ 1
0
duf(u)
∫ ∞
0
dt eimQt
∫ ∞
0
dy y
n−ν
2 −1
∫ ∞
0
dv vν−
1
2 e−vt
2 e−
P˜2
4(y+v)
(y + v)2
. (49)
The next step is to perform the integration over t, which leads to
T =
−i2νπ2
mνQΓ(
n−ν
2 )
∫ 1
0
duf(u)
∫ ∞
0
dy y
n−ν
2 −1
∫ ∞
0
dv vν−1e−
m2
Q
4v
e−
P˜2
4(y+v)
(y + v)2
. (50)
Let us define the following new variables:
λ = v + y, τ =
y
v + y
. (51)
Applying this, we obtain
T =
−i2νπ2
mνQΓ(
n−ν
2 )
∫ 1
0
duf(u)
∫
dλ
∫
dτ λ
n+ν
2 −3τ
n−ν
2 −1(1− τ)ν−1e−
m2
Q
4λ(1−τ) e−
P˜2
4λ (52)
Now, we perform the Double Borel transformation with respect to the p˜2 and (p˜+ p˜)2 by the help of
B(M2)e−αp2 = δ(1/M2 − α), (53)
which leads to
B(M21 )B(M22 )T =
−i2νπ2
mνQΓ(
n−ν
2 )
∫ 1
0
duf(u)
∫
dλ
∫
dτ λ
n+ν
2 −3τ
n−ν
2 −1(1− τ)ν−1e−
m2
Q
4λ(1−τ) e−
u(u−1)q˜2
4λ
× δ( 1
M21
− u
4λ
)δ(
1
M22
− 1− u
4λ
). (54)
In this step the integrals over u and λ are performed. As a result, we get
B(M21 )B(M22 )T =
−i2ν42π2
mνQΓ(
n−ν
2 )
∫
dτf(u0)
(
M2
4
)n+ν
2
τ
n−ν
2 −1(1− τ)ν−1e−
m2
Q
M2(1−τ) e
q˜2
M2
1
+M2
2 ,
(55)
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where, u0 =
M22
M21+M
2
2
and M2 =
M21M
2
2
M21+M
2
2
. By the replacement τ = x2, we obtain
B(M21 )B(M22 )T =
−i2ν+142π2
mνQΓ(
n−ν
2 )
∫ 1
0
dxf(u0)
(
M2
4
)n+ν
2
xn−ν−1(1− x2)ν−1e−
m2
Q
M2(1−x2) e
q˜2
M2
1
+M2
2 .
(56)
The last step is the changing of the variable η = 11−x2 and using q
2 = m2P , which leads to
B(M21 )B(M22 )T =
−i2ν+142π2
mνQΓ(
n−ν
2 )
f(u0)
(
M2
4
)n+ν
2
e
−
m2
P
M2
1
+M2
2 Ψ
(
α, β,
m2Q
M2
)
, (57)
with
Ψ
(
α, β,
m2Q
M2
)
=
1
Γ(α)
∫ ∞
1
dηe−η
m2
Q
M2 ηβ−α−1(η − 1)α−1, (58)
where α = n−ν2 and β = 1− ν.
In this stage, we discuss how the contributions of the higher states and continuum are subtracted. We consider the
generic form
A = (M2)nf(u0)Ψ
(
α, β,
m2Q
M2
)
. (59)
We are going to find the spectral density corresponding to this generic term. As a first step, we expand f(u0) as
f(u0) = Σaku
k
0 , (60)
which leads to
A =
(
M21M
2
2
M21 +M
2
2
)n
Σak
(
M22
M21 +M
2
2
)k
1
Γ(α)
∫ ∞
1
dηe−η
m2
Q
M2 ηβ−α−1(η − 1)α−1. (61)
Now, we introduce the new variables, σ1 =
1
M21
and σ2 =
1
M22
. As a result we get
A = Σak
σk1
(σ1 + σ2)n+k
1
Γ(α)
∫ ∞
1
dηe−ηm
2
Q(σ1+σ2)ηβ−α−1(η − 1)α−1
= Σak
σk1
Γ(n+ k)Γ(α)
∫ ∞
1
dηe−ηm
2
Q(σ1+σ2)ηβ−α−1(η − 1)α−1
∫ ∞
0
dξe−ξ(σ1+σ2)ξn+k−1
= Σak
σk1
Γ(n+ k)Γ(α)
∫ ∞
1
dηηβ−α−1(η − 1)α−1
∫ ∞
0
dξξn+k−1e−(ξ+ηm
2
Q)(σ1+σ2)
= Σak
(−1)k
Γ(n+ k)Γ(α)
∫ ∞
1
dηηβ−α−1(η − 1)α−1
∫ ∞
0
dξξn+k−1
(
(
d
dξ
)ke−(ξ+ηm
2
Q)σ1
)
e−(ξ+ηm
2
Q)σ2 .
(62)
By applying the double Borel transformation with respect to σ1 → 1s1 and σ2 → 1s2 , we obtain the following double
spectral density
ρ(s1, s2) = Σak
(−1)k
Γ(n+ k)Γ(α)
∫ ∞
1
dηηβ−α−1(η − 1)α−1
∫ ∞
0
dξξn+k−1
(
(
d
dξ
)kδ(s1 − (ξ + ηm2Q))
)
× δ(s2 − (ξ + ηm2Q)). (63)
By performing the integral over ξ, we acquire the following expression for the double spectral density:
ρ(s1, s2) = Σak
(−1)k
Γ(n+ k)Γ(α)
∫ ∞
1
dηηβ−α−1(η − 1)α−1(s1 − ηm2Q)n+k−1
(
(
d
ds1
)kδ(s2 − s1)
)
× θ(s1 − ηm2Q), (64)
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which can be written as
ρ(s1, s2) = Σak
(−1)k
Γ(n+ k)Γ(α)
∫ s1/m2Q
1
dηηβ−α−1(η − 1)α−1(s1 − ηm2Q)n+k−1
(
(
d
ds1
)kδ(s2 − s1)
)
.
(65)
With the use of this double spectral density, the continuum subtracted correlation function in the Borel scheme
corresponding to the generic term under consideration is written as
Πsub =
∫ s0
m2
Q
ds1
∫ s0
m2
Q
ds2 ρ(s1, s2)e
−s1/M
2
1 e−s2/M
2
2 . (66)
Now, we define the new variables, s1 = 2sv and s2 = 2s(1− v). As a result, we obtain
Πsub =
∫ s0
m2
Q
ds
∫
dv ρ(s1, s2)(4s)e
−2sv/M21 e−2s(1−v)/M
2
2 . (67)
Inserting the expression of the above spectral density, one can immediately get
Πsub = Σak
(−1)k
Γ(n+ k)Γ(α)
∫ s0
m2
Q
ds
∫
dv
1
2ksk
(
(
d
dv
)kδ(v − 1/2)
)
×
∫ 2sv/m2Q
1
dη ηβ−α−1(η − 1)α−1(2sv − ηm2Q)n+k−1e−2sv/M
2
1 e−2s(1−v)/M
2
2 . (68)
Now, we perform the integration over v, which leads to the final form:
Πsub = Σak
(−1)k(−1)k
Γ(n+ k)Γ(α)
∫ s0
m2
Q
ds
1
2ksk
×
[
(
d
dv
)k
∫ 2sv/m2Q
1
dη ηβ−α−1(η − 1)α−1(2sv − ηm2Q)n+k−1e−2sv/M
2
1 e−2s(1−v)/M
2
2
]
v=1/2
.
(69)
Now, we extend these calculations to the whole terms entering the expressions of the coupling constants under
consideration. As the calculations are very lengthy, as an example, we only present our final result for the 32 case and
the Π˜∗OPE1 function defining the Σb(6097)
+ → Λ0bπ+ transition. For this function, we get
Π˜∗OPE1 =
∫ s0
m2
b
e−
s
M2
−
m2pi
4M2 ρ1(s)ds+ e
−
m2
b
M2
−
m2pi
4M2 Γ1, (70)
where, the expressions, ρ1(s) and Γ1 are given as:
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ρ1(s) =
1
96
√
2m2bπ
2
[
− ψ31m4bµpiζ4 + ψ31m4bµpiβζ4 + ψ20m4bµpi(β − 1)(ζ4 − 2ζ5) + 2ψ31m4bµpiζ5 − 2ψ31m4bµpiβζ5
+ 12fpiψ21m
2
pim
3
bζ7 + 12fpiψ21m
2
pim
3
bβζ7 + 12fpiψ21m
2
pim
2
bmuβζ7 − 6fpiψ21m2pim3bζ1 − 6fpiψ21m2pim2bmuζ1
− 6fpiψ21m2pim3bβζ1 + 3fpiψ11m2pim2bmuβζ1 − 15fpiψ12m2pim2bmuβζ1 − 12fpiψ12m2pimusβζ1 − 12fpiψ21m2pim3bζ2
− 2fpiψ11m2pim2bmuζ2 + 10fpiψ12m2pim2bmuζ2 − 8fpiψ21m2pim2bmuζ2 + 8fpiψ12m2pimusζ2 − 12fpiψ21m2pim3bβζ2
− 4fpiψ11m2pim2bmuβζ2 + 20fpiψ12m2pim2bmuβζ2 − 4fpiψ21m2pim2bmuβζ2 + 16fpiψ12m2pimusβζ2 + 8fpiψ21m2pim2b(2mb
+ mu)(2 + β)ζ6 + 2ψ10m
2
b(2m
2
bµpi(ζ4 + 2βζ4 − (2 + β)ζ5) + fpim2pimu(6βζ7 − 3ζ1 − 4ζ2 − 2βζ2 + 4(2 + β)ζ6)
+ fpim
2
pimb(6(β + β)ζ7 − 3(1 + β)(ζ1 + 2ζ2) + 8(2 + β)ζ6))
](
2
(
− 6βζ7 + 18γEβζ7 + 3ζ1 − 9γEζ1 − 3γEβζ1
+ 4ζ2 − 10γEζ2 + 2βζ2 − 2γEβζ2 + 4(3γE − 1)(2 + β)ζ6
)
− (18βζ7 − 9ζ1 − 3βζ1 − 10ζ2 − 2βζ2 + 12(2
+ β)ζ6
)(
ln(
Λ2
m2b
) + 2ln(
M2
Λ2
)
))
+
1
32
√
2π2
fpim
2
pi
[
− 2ψ10mb(1 + β) + (ψ20 + ψ31)(mb +mbβ −muβ) + 2mb(1
+ β)
]
ϕpi(u0) +
1
48
√
2π2
(−1 + µ˜2pi)mbµpi
[
2(ψ10 + ψ21)mu(β − 1) + (ψ20 + ψ31)mbβ
]
ϕσ(u0)
+
〈u¯u〉
6
√
2
fpiβϕpi(u0) +
〈g2G2〉
288
√
2m4bπ
2
fpim
2
pimu(−18βζ7 + 9ζ1 + 3βζ1 + 10ζ2 + 2βζ2 − 12(2 + β)ζ6)
[
2− ψ01 − ψ02
− 9ψ10 + 6γEψ10 + 3ψ21 + ψ22 − 6ψ10ln(M
2
Λ2
) + 2(1− ψ03 + 3ψ21 + 2ψ22 + ψ23)ln(s−m
2
b
Λ2
)
]
+
〈g2G2〉
64
√
2m6bπ
2
5fpim
2
pimuβA(u0)
[
−m2b
(
6(2γE − 3)ψ10 + 6ψ21 + 3ψ22 + ψ23 − 4ψ−10 + ψ−13 + 3ψ−1−1
− 12ψ10ln(M
2
Λ2
)
)
+ 12(m2b − s)ln(
s−m2b
Λ2
)
]
+
〈g2G2〉
576
√
2m4bπ
2
fpi
[
(1− 3(ψ10 + ψ21))m3b +
(
m2b(−3(ψ10 + ψ21)mb
− 3(−2ψ01 − 4ψ02 + 3ψ03 − 37ψ10 + 36γEψ10 + ψ12 + 3ψ13 + 6ψ21 + 2ψ22)mu + (mb + 9(−3 + 4γE)mu))
+ 15mus
)
β + 12muβ
(
− 3(1− 3ψ10)m2b ln(
M2
Λ2
) +
(
(8 + ψ03 − 3ψ21 − 2ψ22 − ψ23)m2b − 6s
)
ln(
s−m2b
Λ2
)
)]
ϕpi(u0)
− 〈g
2G2〉
48
√
2m3bπ
2
(µ˜2pi − 1)muµpi(β − 1)
[
2− ψ01 − ψ02 − 9ψ10 + 6γEψ10 + 3ψ21 + ψ22 − 6ψ10ln(M
2
Λ2
) + 2(1− ψ03
+ 3ψ21 + 2ψ22 + ψ23)ln(
s−m2b
Λ2
)
]
ϕσ(u0), (71)
and
16
Γ1 = − 〈u¯u〉
432
√
2M6
[
− 12M4
(
muM
2µpi(ζ4 + 2βζ4 − (2 + β)ζ5) + fpim2pimbmu(β − 1)ζ2 + fpim2piM2(−6βζ7 + 3ζ1 + 4ζ2
+ 2βζ2 − 4(2 + β)ζ6)
)
+m2omb
(
2fpim
2
pim
2
bmu(β − 1)ζ2 − 2fpim2pimuM2(β − 1)ζ2 +mbM2
(
2muµpi(ζ4 + 2βζ4
− (2 + β)ζ5) + 3fpim2pi(−6βζ7 + 3ζ1 + 4ζ2 + 2βζ2 − 4(2 + β)ζ6
))]
+
〈u¯u〉
1728
√
2M8
fpim
2
pi
[
36M4(−2m2bM2β − 2M4β
+ m3bmu(1 + β)) +m
2
omb
(
2muM
4(β − 1) + 18m3bM2β − 6m4bmu(1 + β) +mbM4(5 + 4β) + 2m2bmuM2(7
+ 5β)
)]
A(u0)− 〈u¯u〉
432
√
2M4
fpi
[
36mbmuM
4(1 + β) +m2o
(
− 2mbmuM2(β − 1) + 18m2bM2β − 6m3bmu(1 + β)
+ M4(5 + 22β)
)]
ϕpi(u0)− 〈u¯u〉
432
√
2M6
(µ˜pi − 1)(1 + µ˜pi)µpi
[
− 12M4(− 2mbM2(β − 1) +m2bmuβ +muM2β)
+ m2om
2
b
(− 6mbM2(β − 1) + 2m2bmuβ +muM2(2β − 1))
]
ϕσ(u0) +
〈g2G2〉
3456
√
2π2
[
1
M2
fpim
2
pi
(
mb
(− 6(1 + β)ζ7
+ 3(1 + β)ζ1 + 4(2 + β)(ζ2 − 2ζ6)
)
+ 2mu(−18βζ7 + 9ζ1 + 3βζ1 + 10ζ2 + 2βζ2 − 12(2 + β)ζ6)
)
+
1
m2b
(
−m2bµpi(ζ4 + 5βζ4 − 2(ζ5 + 2βζ5)) + 2fpim2pimb(6(1 + β)ζ7 − 3(1 + β)ζ1 − 4(2 + β)(ζ2 − 2ζ6))
+ fpim
2
pimu(−18βζ7 + 9ζ1 + 3βζ1 + 10ζ2 + 2βζ2 − 12(2 + β)ζ6)
)
+
1
M4
fpim
2
pim
2
bmu
(
2
(− 6βζ7 + 18γEβζ7
+ 3ζ1 − 9γEζ1 − 3γEβζ1 + 4ζ2 − 10γEζ2 + 2βζ2 − 2γEβζ2 + 4(3γE − 1)(2 + β)ζ6
)− (18βζ7 − 9ζ1 − 3βζ1
− 10ζ2 − 2βζ2 + 12(2 + β)ζ6
)[
ln(
Λ2
m2b
) + 2ln(
M2
Λ2
)
])]
+
〈g2G2〉
2304
√
2m2bM
6π2
fpim
2
piA(u0)
[
2(3γE − 1)m6bmuβ
− 10m4bmuM2β − 9m2bmuM4β − 6muM6β −m3bM4(1 + β) + 2mbM6(1 + β)− 3m6bmuβ
[
ln(
Λ2
mqb2
) + 2ln(
M2
Λ2
)
]]
+
〈g2G2〉
576
√
2M2π2
fpimuβ
[
(2− 6γE)m2b − 6(γE − 1)M2 + 3(m2b + 2M2)ln(
Λ2
m2b
) + 3(2m2b + 3M
2) ln(
M2
Λ2
)
]
ϕpi(u0)
+
〈g2G2〉
1728
√
2mbM4π2
(µ˜2pi − 1)µpi
[
2(3γE − 1)m4bmu(β − 1)− 7m2bmuM2(β − 1)−muM4(β − 1)−mbM4β
− 3m4bmu(β − 1)
[
ln[
Λ2
m2b
) + 2ln(
M2
Λ2
)
]]
ϕσ(u0) +
〈g2G2〉〈u¯u〉
20736
√
2M14
fpim
2
pimb
[
− 6M4
(
− 2m3bM2β + 4mbM4β
+ m4bmu(1 + β)− 6m2bmuM2(1 + β) + 6muM4(1 + β)
)
+m2o
(
− 3m5bM2β + 18m3bM4β − 18mbM6β +m6bmu(1
+ β)− 11m4bmuM2(1 + β) + 30m2bmuM4(1 + β)− 18muM6(1 + β)
)]
A(u0)− 〈g
2G2〉〈u¯u〉
5184
√
2M10
fpimb
[
6M4(2mbM
2β
− m2bmu(1 + β) + 3muM2(1 + β)) +m2o
(− 3m3bM2β + 6mbM4β +m4bmu(1 + β)− 6m2bmuM2(1 + β)
+ 6muM
4(1 + β)
)]
ϕpi(u0) +
〈g2G2〉〈u¯u〉
15552
√
2M12
(µ˜2pi − 1)mbµpi
[
m2o(m
4
b − 6m2bM2 + 6M4)(−3M2(β − 1) +mbmuβ)
− 6M4(2(m2b − 3M2)M2 + (m3bmu − 2mb(mb +mu)M2 + 6M4)β)
]
ϕσ(u0). (72)
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In the above functions ζj and ψnm are defined as
ζj =
∫
Dαi
∫ 1
0
dvfj(αi)δ(k(αq + vαg)− u0),
ψnm =
(s−mQ2)n
sm(m2Q)
n−m ,
(73)
with the distribution amplitude given as f1(αi) = V‖(αi), f2(αi) = V⊥(αi), f3(αi) = A‖(αi), f4(αi) = T (αi),
f5(αi) = vT (αi), f6(αi) = vV⊥(αi), f7(αi) = vA‖(αi), whose explicit forms can be found in Refs. [18–20]. As
we previously mentioned, u0 has the form, u0 =
M21
M21+M
2
2
. Considering the close masses of initial and final baryons
and taking M21 = M
2
2 , it becomes, u0 =
1
2 . In the above results, µpi = fpi
m2pi
mu+md
, µ˜pi =
mu+md
mpi
and Dα =
dαq¯dαqdαgδ(1 − αq¯ − αq − αg) are used. The functions ϕpi(u), A(u), B(u), ϕP (u), ϕσ(u), T (αi), A⊥(αi), A‖(αi),
V⊥(αi) and V‖(αi) are functions of definite twists, which can also be found in Refs [18–20]. They are given as
ϕpi(u) = 6uu¯
(
1 + api1C1(2u− 1) + api2C
3
2
2 (2u− 1)
)
,
T (αi) = 360η3αq¯αqα2g
(
1 + w3
1
2
(7αg − 3)
)
,
ϕP (u) = 1 +
(
30η3 − 5
2
µ2pi
)
C
1
2
2 (2u− 1)
+
(
−3η3w3 − 27
20
µ2pi −
81
10
µ2pia
pi
2
)
C
1
2
4 (2u− 1),
ϕσ(u) = 6uu¯
[
1 +
(
5η3 − 1
2
η3w3 − 7
20
µ2pi −
3
5
µ2pia
pi
2
)
C
3
2
2 (2u− 1)
]
,
V‖(αi) = 120αqαq¯αg (v00 + v10(3αg − 1)) ,
A‖(αi) = 120αqαq¯αg (0 + a10(αq − αq¯)) ,
V⊥(αi) = −30α2g
[
h00(1− αg) + h01(αg(1− αg)− 6αqαq¯) + h10(αg(1− αg)− 3
2
(α2q¯ + α
2
q))
]
,
A⊥(αi) = 30α2g(αq¯ − αq)
[
h00 + h01αg +
1
2
h10(5αg − 3)
]
,
B(u) = gpi(u)− φpi(u),
gpi(u) = g0C
1
2
0 (2u− 1) + g2C
1
2
2 (2u− 1) + g4C
1
2
4 (2u− 1),
A(u) = 6uu¯
[
16
15
+
24
35
api2 + 20η3 +
20
9
η4 +
(
− 1
15
+
1
16
− 7
27
η3w3 − 10
27
η4
)
C
3
2
2 (2u− 1)
+
(
− 11
210
api2 −
4
135
η3w3
)
C
3
2
4 (2u− 1)
]
+
(
−18
5
api2 + 21η4w4
)[
2u3(10− 15u+ 6u2) lnu
+ 2u¯3(10− 15u¯+ 6u¯2) ln u¯+ uu¯(2 + 13uu¯)] , (74)
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where Ckn(x) are the Gegenbauer polynomials,
h00 = v00 = −1
3
η4,
h01 =
7
4
η4w4 − 3
20
api2 ,
h10 =
7
4
η4w4 +
3
20
api2 ,
a10 =
21
8
η4w4 − 9
20
api2 ,
v10 =
21
8
η4w4,
g0 = 1,
g2 = 1 +
18
7
api2 + 60η3 +
20
3
η4,
g4 = − 9
28
api2 − 6η3w3. (75)
The constants presented in Eqs. (74) and (75) are calculated using QCD sum rules at the renormalization scale
µ = 1 GeV2 [18–20, 25–29]. These constants are given as api1 = 0, a
pi
2 = 0.44, η3 = 0.015, η4 = 10, w3 = −3 and
w4 = 0.2.
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